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Abstract 

In this paper, using the structures of cone and bicone fields on 
vector bundles, the author introduces a ILB (inverse limit of Banach)- 
manifold structure on A4 the space of Riemannian metrics on a non- 
compact manifold M. In the last section, it is proven that, this way, on 
the open submanifold M finite of finite volume metrics, the canonical 
Riemannian metric is defined. 
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1 Preliminaries 

First, let M be a topological manifold, paracompact, with dM = 0, which 
need not to be compact. Let {E,p,M) be a topological vector bundle over 
M. 

Definition 1.1. |PA- cones] 

A cone field on the vector bundle {E,p,M) is a map K : M —>■ V{E), 
X (— > K{x) C which satisfies the following two conditions: 
(Kl) (V)x G M, K{x) is a convex cone, closed in E^, pointed, solid; 
(K2) UxeMlnt{K{x)) and Ux£m{Ex\K{x)) are open in E. 



In the definition above, a convex cone is, following |KRAj . a set K which 



satisfies K + K G K and (V)A > 0, XK G K. A cone K which satisfies 
K n —K = {0} will be called pointed cone, and a solid cone is a cone which 
has interior points in the topology of i?^. 

The structure consisting by a vector bundle {E,p, M) and a cone field K 
on it is denoted by [{E,p, M); K]. 



1 



Example 1.2. |PA-metricsj Let us consider now the bundle {S^T*M,p, M) 
of 2 times covariant symmetric tensors on a given manifold M. We put 

(V)x G M 

Kk{x) := {t, E S^T*MMU) = 

where r denotes the rank and ip denotes the positive inertia index. Then 
X i-> K{x) := Ul^^Kk{x) defines a cone field on the bundle {S'^T*M,p, M). 

There are local and global properties of this structure, exposed in |PA-cone's] . 
Consider now r^{E), the space of continuous sections of the bundle 
iE,p,M). 

Definition 1.3. |PA-cones] 

We call a positive section of the structure [{E,p, M); K], a section cr G r^{E) 
for which a{x) G K{x), (V)a; G M. 

The set of positive sections is denoted by K^; if on the space r°(i?) is 
considered the graph topology WO'^ then we have: 

Proposition 1.4. IPA-cone.^ 

The set is a convex cone, pointed, solid, in r^{E). Moreover, is 
a generating cone in T^{E), i.e. Wcr G r°(E') (3)Ci,C2 G -^^r ■^'^^^ ^^^^ 
(7 = Ci- C2- 

The cone defines a partial order relation on T'^lE) by 

ai,(T2 G r°(^), ai<a2 & a^-o^E K^. (1) 
Proposition 1.5. Papuc fP^-conegj / 

The pair (r°(£'),<) is an ordered vector space, directed on both sides. En- 
dowed with the WO^ topology is a topological vector space iff M is a compact 
manifold. 

Given a fixed C ^ Int{K^), we denote by the set of 
C— measurable elements of r°(i?): 

PO := {a G T'iE) \ (3)A G R+ : -AC < a < AC}, (2) 

and we consider the map 

I ■ 1° : r° ^ R, := mznAeR+{-AC <a< XQ. (3) 
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Proposition 1.6. IPA-cone^ 

1. r° = r''(£^) iff M is a compact manifold; 

2. The map I ■ 1^ defined by equation ^ from above is a norm on F^; 

3. The set of all r° is a covering ofV^{E); 

4- If r°(i?) denotes the subspace of compact support sections, then 

rO(s)cro (v)CG/n^(i^°); 
5. //c e V\, with CCi e Int{K^) then 1° C 1°^. 

Theorem 1.7. \VA^ If C e K^, then (F^, | ■ |^) is a Banach space. 

We consider now {E,p,M), a C^- differentiable bundle over M, a C''- 
differentiable manifold, k > 1, wtiicli need not to be compact. 

Definition 1.8. |VA-bicoiie] A bicone field on a vector bundle {E,p,M) is 
the structure consisting of a cone field K on the bundle {E,p,M) and a 
second cone field Ktm on the tangent bundle (TM,p, M). 

We will denote by [{E,p, M); K; Ktm] the structure consisting of a bicone 
field on the vector bundle {E,p, M). 

The existence of a bicone field on a vector bundle {E,p, M) is equivalent 
with the existence of a non zero section C G T^{E) and of a nonzero vector 
field on M. 

Now, as a consequence of the vector bundle isomorphism 

J^E = ®i=^Cs{TM\E) (4) 
from |Palj page 90, we have 

Proposition 1.9. \VA-bicon(^ If [{E,p, M); K; Ktm] is a C^- differentiable 
vector bundle endowed with a bicone field then the vector bundle {j'^EjP, M) 
is endowed in a natural way with a cone field K^ , {\f)k < p. 

Next, as usually, we will denote by convention J^E := E, := (. 

Definition 1.10. |VA-bicone] A section ( G T''(E) which satisfies ((x) G 
K{x) and j^C,{x) G K'^{x),i = 0,k, (V)x G M will be called section positive 
up to order k. 

The set of positive sections up to order k will be denoted by K^. On 
r'^lE), the space of C'^- differentiable sections we will consider the Whitney 
WO''- topology, which on a space of sections can be given by a base of 
neighborhoods W{ao, U), where ctq G T''{E) and U is an open neighborhood 
of Im{j''ao) in J''{E): 

W{ao, U) := {a G r'=(E) | fa{x) G U, (V)x G M}. (5) 
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Proposition 1.11. is a convex cone, closed, pointed and solid in the 
space {V^{E),WO^). 



0"! < 02 cr2 — (Ti G Ky- In particular, this relation is directed on both 



Corollary 1.12. \KRA^ The cone defines on T^{E) an order relation by 

0"! < ( 

sides. 

Let C e Int{K^) be fixed. 



Definition 1.13. |VA-bicoiie] A section cr g T^{E) for which exists A G 
s.t. 

-A/C < fcr < XfC, I = 

will be called (- measurable up to order k. 
As in jPA-cone!s] . we have that the map 
I ■ If : rj ^ M+, 



: rf ^ M+, := min{A G M+ | -XjX < A < A/C, i = l,k} 



is a norm on the vector space Ff of C- measurable sections up to order k, and 
with this norm, Ff becomes a Banach space (the proof is absolutely similar 
to the one from |VAj ) . The open ball in the norm | • |f, centered in a, of 
radius e, will be denoted by B^{a, e) and as in -conesi ■ coincides with the 
open centered intervals in the order relation from corollarv ll.121 

Let us denote now by t'' the topology on T^{E) obtained by taking the 
path connected components of the WO^- topology. 

Theorem 1.14. IVA-bicond^ For all k G N, the r^- topology on T^{E) is the 
topology for which a basis of neighborhoods is given by 

{5f(a,e) |Ce/nt(ir^), a G FJ, e > 0}. 



2 The ILB- manifold Structure on the Space 
of Riemannian Metrics 

Let now {E,p,M) be a smooth vector bundle, endowed with a bicone 
field defined by the cone fields K, Ktm- 

Definition 2.1. |VA-bicoiie] A smooth section ^ G T[E) which satisfies 
C,{x) G iTp, (V)A; G N will be called a indefinitely positive section. 

We will denote by the set of indefinitely positive sections. 
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Proposition 2.2. IVA-bicon^ The set is a (nonempty) pointed closed 
convex cone in {T{E),WO°°). 

Corollary 2.3. lVA-Mcon(^ On r{E) th ere is an order relation defined by 
a<a' a'-ae Kr{E). 

Let C £ HklntiYo'^KY (this set is nonempty, see |VA-bicone] ). 

Definition 2.4. |VA-bicoiie] A section a G T{E) which is C- measurable 
(V)A; G N will be called an indefinitely C- measurable section. 

The set r^(i?) of indefinitely C- measurable sections is nonempty (e.g. 
C G ) and is a vector space. 

Proposition 2.5. IVA-bicond^ The space r^(i?) is the projective limit of the 
Banach spaces T'^{E). 

Corollary 2.6. \VA-bicon^ The following assumptions hold: 
(i) r^(i?) is a complete, locally convex space; 

(a) The r°°- topology on T{E) is the topology for which a base of neighbor- 
hoods is given by the set 

{Sj(a,e)| C G nklntwo^K^, keN, e > 0}; 

(Hi) The set {r^(i?), r^(£') | k G A^(0)} is a ILB (inverse limit of Banach)- 
chain, following Omori's definition lOMOB.]^ . page 5. 

Since in the infinite dimensional geometry the notion of manifold might 
vary, we will refer in this paper to the notion from |MI-KRI] . pagel70, for 
which the differences from the finite dimensional correspondent is that for 
each chart is allow a different model space, and the chart changing is require 
to be only smooth instead of smooth diffeomorphism. 

Theorem 2.7. T{E) is a smooth manifold modelled by the ILB-spaces T(^{E). 

Proof. From jVAj and |VA-bicoiie] we have T[E) = lim^limfcr^. The topology 

>■< 

induced above on T{E) is the r°°- topology. Then, again by the equation 
above, T{E) = U(;(zint{Kr)^ciE)- 

Let ctq G T{E). There exists a positive section (o G Int{Kr) such that 
(To G Ti;^^{E) = nferJ^(E). Obviously f/co(o-o) := ^kB^o(^o) is a nonempty 
open in r°°- topology neighborhood of (Tq. Let (pa-o '■ ^Co(^o) C T{E) T^^ 
be the restriction of the identity map Idr^^(E)- The pair (t^^o('^o)) ^Co) a 
chart around ctq. 
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The charts changing is smooth. Indeed, Let ([/^^(ai), ^o-J, (^^(2(^2), 0o-2) 
be two charts with [/^^(cri) U f/^2('^2) 7^ 0- In particular, it follows that 
U^Mi) U ^^C2(^2) C r^, n r^,. But from |PA-cones| . the set {r<;(^)|C G 
Int{Kr)} is ordered and directed on both sides, by the inclusion. So there 
exists Co G Int{Kr) such that [/^^((Ti) fl UQ2i^2) C F^-^ fl Ft^^ C F^(,(i?), and so 
the chart changing ^g.^ o is the restriction to an open set of the identity 
map /(ir and so is smooth. Q.E.D. 

Remark 2.8. In virtue of the example IT^ T{S'^T*M), the space of two times 
CO variant, symmetric tensor fields on the manifold M has the structure of a 
ILB-manifold, modelled by the spaces Tg{S'^T*M), with g G Int{Kr). 

From |(;iM-Ml(]Hj M = Int{Kr) n T{S'^T*M), the space of all Rieman- 
nian metrics on the manifold M is t°°- open in F(iS^T*M). 

Corollary 2.9. The space M. of all Riemannian metrics on M is an open 
submamfold ofT{S^T*M). 

3 The Riemannian Geometry of the Space of 
Riemannian Metrics of Finite Volume 

We denote by Ai finite the set of all Riemannian metrics of finite volume 
on M. 

Remark 3.1. finite is t°°- open in A^. Indeed, let (5'n)n>o a sequence of 
Riemannian metrics that converges in the r°°- topology to g^, a finite volume 
metric. In particular, it follows that (V)n > 0,gn and go differ only on a 
compact set, so each gn is a finite volume metric. 

On A4 there is a canonical Riemannian metric G, invariant under the 
natural action by pull- back of the group Diff{M) of diffeomorphisms of M 
on M, described in |KHIN| . or |(;iM-MI(;H| : 

Gg : TgM X TgM ^ M, Gg{h,k) = / trace{g-^hg-^k)dvg, (6) 

Jm 

To make clear the notation g^^hg^^k we can regarde the bundle S^{T*M) 
as {h G C{TM,T*M)\ h' = h}, subbundle of C{TM,T*M), where h' is the 

composition TM ^ T**M ^ T*M. On the other side, since g e M, as a 
Riemannian metric is a fiberwise inner product on TM it induces a fiberwise 
inner product on any tensor bundle over M, in particular on S'^{T*M). This 
is, in fact < ■, ■ >= trace{g~^ ■ g~^-). For the metric Gg, instead of the 
notation above, we will use the classical notations from Riemannian geometry 
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(the 'jj' symbol demotes the 'sharp' isomorphism induced by the metric g so 
we will omite to put indices as jj^ ): 

» n 

Gg : TgM X TgM ^ R, Gg{h, k)= V] h{k{Ei)\ Ei)dUg, 

Jm 

Where (Ei) denotes a local field of orthonormal frames. 

Theorem 3.2. The Riemannian metric Gg is defined on the tangent space 

Proof. Since h G Tg, we have h G r°. This means that (3)A G M+ s.t. 
^g ^ h < Xg. Because of equation Q, we have that — < h < \h\^gg. 
Hence, as in - cones j . in particular, 

-\h\lg{k{Ei)\Ei) < h{k{Ei)\Ei) < \h\lg{k{Ei)\Ei), z = T;^; 

By summation, we have 

n n n 

g{k{E,)\ E,) < Kk{E,)\ E,) <\h\lY. g{k{E,)\ E,), 

1=1 i=l i=l 

and this means 

n n n 

-KgY, k{E„ E,) < h{k{E,f, E,) <\h\lY E,). (7) 

But k G Tg, so we have k G F^. This means that (3)A G M+ s.t. Xg < k < Xg. 
As above, — |fc|°(7 < k < \k\gg, and in particular 

-\k\lg{E„E,) < k{Ei,Ei) < \k\lg{E„E,), i = T~fl- 

By summation 

n n n 

-\kfgJ29iEi,E,) <YKE^,E,) < \k\lY9iE^,E,). (8) 

i=l i=l i=l 

From equations ((Tj) and (jHl) follows that 

n n n 

-K\k\'gY9iE^,E,) <Yh{mf,E,) < \h\'g\k\'gY9iE.^E,) 

i=l i=l i=l 

and so 

n 

-n\h\l\k\'^g<YmE^?,E.,)<n\h\'^^\k\l. 

i=l 

Now, by integrating with respect to the measure Ug 

-n\h\'g\k\'^VoliM, g) < Gg{h, k) < n\h\'g\k\'gVoliM, g) 

Q.E.D. 
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